We study hybrid systems from a global geometric perspective as piecewise smooth dynamical systems. Based on an earlier work, we define the notion of the hybrifold as a single piecewise smooth state space reflecting the dynamics of the original system. Structural stability for hybrid systems is introduced and analyzed in this framework. In particular, it is shown that a Zeno state is locally structurally stable and that a standard equilibrium on the boundary of a domain implies structural instability.
Introduction
The study of various dynamical properties of hybrid systems has been quite intensive the last decade, e.g., [20, 6, 13, 21, 8, 10, 4, 12, 9, 22] . Recently we suggested a geometric approach for the analysis of a class of hybrid systems [17, 18] . We introduced the notions of the hybrifold and hybrid flow in order to study the hybrid system as a single piecewise smooth dynamical system. This study is continued in the current paper; in particular, structural stability for hybrid systems is discussed in a geometric framework.
Roughly speaking, a smooth dynamical system is structurally stable if it is topologically equivalent to every system which is sufficiently close to it. We will generalize this idea to hybrid systems. To make the notion precise, we will specify what is meant by "close" and "topologically equivalent." Structural stability for continuous time dynamical systems (i.e., flows) was introduced by Andronov and Pontryagin [2] , who proved that "most" smooth systems on a two-dimensional disk are structurally stable. The importance of this property for models of real-life systems is clear: if a system is structurally stable, its qualitative properties are insensitive to small perturbations of the system. If it is not, even a small error in measurement can produce a system which qualitatively looks entirely different from the "true" system. 1 The importance of structural stability for smooth (continuous and discrete time) dynamical systems was reemphasized in the influential work of Smale [19] , Peixoto [15] , and others during the 1960s. It was hoped that in some sense "most" systems were structurally stable, as in dimension two. However, this hope was soon shattered by the discovery of very large sets of non-structurally stable systems in dimensions greater than two. Despite this, robustness of its qualitative behavior is still a very important piece of information about a system.
The classical theory of structural stability of smooth dynamical systems states, for instance, that hyperbolic equilibria are locally structurally stable. This result extends directly to hybrid systems in the sense that if a hyperbolic equilibrium of a hybrid system is in the interior of a domain, then the equilibrium is locally structurally stable. A standard equilibrium on the boundary of a domain, however, is not locally structurally stable. The main contribution of the paper is to show that Zeno states, which necessarily lie on the boundary of a domain [18] , are locally structurally stable. This means that it may be difficult to remove Zenoness by perturbing the system. The outline of the paper is as follows. Hybrid systems and their executions are defined in Section 2, together with hybrifolds and hybrid flows. In Section 3 we introduce the notions of topologically equivalence and structural stability for hybrid systems, and show that the Zeno state is locally structurally stable. Some discussion on related work is given in Section 4.
A hybrid system is called deterministic if for every ! there exists at most one maximal execution starting from . It is called non-blocking if for every ! there is at least one infinite execution starting from . Necessary and sufficient conditions for a hybrid system to be deterministic and non-blocking can be found in [10] . Roughly speaking, resets have to be functions, guards have to be mutually disjoint and whenever a continuous trajectory of one of the vector fields in % is about to exit the domain in which it lies, it has to hit a guard.
Hybrifold and hybrid flow
Unless specified otherwise, we will from now on assume that is regular. In short, this means that is deterministic and nonblocking and that all the building blocks of are piecewise smooth. Furthermore, each continuous time orbit always exits a domain through a guard which lies on the boundary of the domain, and enters it through the image of a reset map which is a homeomorphism and takes values on the boundary of the "next" domain. For a more detailed and precise formulation of the notion of regularity, see [17] and [18] . there exist a unique
, where¨ is the reverse hybrid system [18, 17] . Let be the largest subset of R on which is defined. It can be shown [17, 18] that contains a neighborhood of
. Moreover, for all !whenever both sides are defined.
The basic idea in construction of the hybrifold from a hybrid system is simple: "glue" each guard to the image of the corresponding reset via the reset map. More precisely, let ).
may not be a single point. Therefore, assume that is without branching which, roughly speaking, means the following: if is the equivalence class of some point lying on the boundary of a domain, then there exists at most one , then
, where denotes the set of discrete transitions which occurs infinitely many times in the execution starting from .
The following example illustrates Zeno. Water tank system [1, 8, 18, 17] ) Consider the hybrid system
Example 1 (
The water tank interpretation is as follows. 
Structural Stability of Hybrid Systems
Intuitively speaking, a smooth dynamical system is structurally stable if it is topologically equivalent to every system which is sufficiently close to it. We will generalize this idea to hybrid systems. Fig. 1 ) and observe that for
Definition 7 (Topological equivalence)
. Let be the set of all
, for all , and A A will be specified later. , consider the map
defined as the first-return map for , defined by flowing from the image of a reset to the guard along the corresponding vector field (cf., [11] ).
be the corresponding first-return map for , etc.)
We know that ). Since
, the Implicit Function Theorem guarantees that V A is a smooth function. Let . That is,
, where is the first intersection of the
. Then . Therefore, . We will soon see that this turns out not to be a coincidence.
Structural stability of hybrid equilibria
Recall that an equilibrium of a hybrid system is a point ! which does not move under the hybrid flow, i.e., . Hence, a point in the interior of the domain for which the vector field vanishes is an equilibrium of the hybrid system. Equilibria also include Zeno states which make no time progress. 
Conclusions
Structural stability for hybrid systems was introduced in the paper. It is an important property, because a structural stable system is robust to modeling errors. A Zeno state is an equilibrium of a hybrid system, which arises from the interaction of the continuous and the discrete dynamics. It was shown that Zeno states are locally structurally stable. This means that Zeno may be difficult to remove by perturbing the system. Similarly, in analogy to the classical case, hyperbolic hybrid closed orbits [16] can be shown to be locally structurally stable as well, as will be presented elsewhere.
Many issues on structural stability of hybrid systems remain to be studied. For example, an important question is: in dimension two, do structurally stable systems form a "large" set (in analogy with the case of smooth systems)? An affirmative answer, in a slightly different context, was given by [3] . Namely, even if "sliding" in the sense of Filippov [5] is allowed, then the generic piecewise smooth vector field on a smooth, orientable, boundaryless, compact surface is structurally stable. Moreover, structural stability is completely characterized by a set of four conditions, which we do not discuss here.
